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1. Introduction
Silos that are widely used in modern agriculture have 
several advantages, such as easy assembling, reliability, low 
cost, and easy management. Since there is a huge stress 
exerted upon silos, the stress-strain state (SSS) under the 
internal pressure of the grain bulk must be taken into ac-
count and thoroughly calculated. This entails the use of a 
particular calculation model for the metal structure elements 
of the considered silos.
The main structural elements of the silos are usually 
corrugated panels. Preliminary tightening and bolt fixtures 
that have clearances connect the panels to vertical stiffeners. 
As a result, there is a system of plates supported by rods (col-
umns) with bolt fixtures between them. In case of the gap 
adjustment, there are forces of contact interaction between 
the cylindrical part of a bolt and inner surfaces of the holes 
made in the mating panels.
This formulation considers geometrical, structural and 
physical nonlinearities. Solution of the tasks on the behavior 
of the studied silo construction allows analyzing it in more 
detail. The contact of two flat overlapped plates fixed with 
a bolt was proposed as the initial option of investigation in-
stead of corrugated panels.
Finally, we have devised a contact interaction model of 
a number of bodies with the preload, friction and contact 
with a gap. The obtained model was compared to the tra-
ditional one, i. e. the silo structure fragment in the form of 
a solid plate.
The existing problematic issues in the standard methods 
required setting up goals to improve the existing methods 
and models for studying the design of such structures. This 
determined the direction and relevance of the research, as 
described in the proposed article.
2. Analysis of the published data and formulation of the 
problem
Traditionally, calculations of thin-walled structures are 
based on the European standards presented in the “Euro-
codes” [2–4]. The analysed works [5, 6] present numerical 
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Робота присвячується аналізу гео-
метрично нелінійних контактних задач 
для системи смуг. Особливості пред-
ставленої задачі полягають у досліджен-
ні напружено-деформованого стану двох 
смуг, сполучених болтовим кріпленням із 
зазором і навантажених рівномірно роз-
поділеним по верхній кромці поперечним 
зусиллям. У цій постановці задачі при-
сутні геометрична і структурна нелі-
нійності. Отримано основні закономір-
ності напружено-деформованого стану 
елементів силосів
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ем. В данной постановке задачи присут-
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ного состояния элементов силосов
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and experimental studies on specimens of panels that are 
preliminary tightened and connected with a bolt fixture. 
Such items usually are predominant structural units of 
metal silos. Another study [7] is devoted to the research 
on steel silos of a cylindrical shape that use corrugated 
panels. These structures are under the actual load of bulk 
materials, however the study did not consider application 
of bolted connections. Other researchers [8] set a more 
comprehensive task with regard to both corrugated panels 
and bolted connections. In general, the above mentioned 
research suggests quite an extended solution of the prob-
lem although without a detailed study of a 
single bolted connection. The next study 
[9] analyzed the SSS of bolted connections, 
but it does not take into consideration the 
bolted connection with a clearance. Other 
researchers [10] studied the interdependence 
of the SSS and the used bolted connections 
with clearances. Although even with the 
bolted connection used in the steel silos the 
connected panel worked on the longitudinal 
transverse bending.
The suggested study deals with a num-
ber of model problems, such as bolted con-
nections with clearances, longitudinal and 
transverse bending, as well as various ar-
rangements of bolted connections including 
the pliable washer.
3. The purpose and objectives of the study
The purpose of the study is to develop an improved cal-
culation model for the analysis of geometrically nonlinear 
contact tasks for the system of two plates that have bolted 
connection and clearances in bolt fixtures and are loaded 
with a uniformly distributed transverse force along the up-
per edge. The objectives of the study are as follows:
– to analyze the impact of both geometric and structural 
nonlinearities;
– to assess the use of bolt fixtures in different configura-
tions and with different friction coefficients in the connec-
tions of the plates or a plate with a bolt;
– to analyze and assess the sliding effect for the contact-
ing surfaces of the plates when the system loading varies.
These tasks can be solved on the basis of the model sys-
tem of overlapped plates connected with a bolt fixture that 
has a clearance (Fig. 1).
The geometrical parameters of the system are as follows: 
length l=500 mm, width C=50 mm, thickness h=2 mm, the 
total length of the connected plates L=960 mm, the hole 
diameter d1=12 mm, and the bolt diameter D=10 mm. 
Bolted connections have the following configuration: a 
bolt is inserted through the fixture clearance and through 
the plate hole and tightened by a nut to a torque that is equal 
to Тк. If the tensile force exceeds the friction force, there will 
be a shear of plates up to the clearance adjustment as the con-
tacting cylindrical surface of the bolt and holes of the plates 
come into operation.
Loading model is shown in Fig. 2 (construction is in the 
cut form and symmetric about the plane xOz). Plates are 
rigidly held on the edges. The limitation of the displacement 
along the y-axis is set along the symmetry plane xz.
The limitation of the displacement along the y-axis is set 
along the symmetry plane xz. Transverse forces distributed 
along the upper edge are set by the force F (the system is loaded 
incrementally from 0 to 450 N). The tightening torque is mod-
eled in the form of the tightening force of the bolt Fpr.=1000 N. 
The bolt fixture was modeled in various arrangements, i. e. the 
contact of plates and a bolt, the contact of a plate and a bolt over 
two washers and the contact of a plate and a bolt over one wash-
er (Fig. 3, a–c). The washer is made of compliance material 
with a low modulus of elasticity (polyethylene) for a more uni-
form distribution of the cap bolt pressure onto the plate surface.
The study considers options for bolt fixtures with differ-
ent friction forces in contact, which allows a thorough and 
more detailed analysis of the problem. Types of contact and 
coefficients of friction are shown in Table 1.
Table 1 presents options with various configurations of 
bolted fixtures that are aimed at implementation of the con-
tact interaction. The first, the second and the third options 
are used for bolted connection of the first type where only the 
coefficient of friction varies, whereas the fourth and the fifth 
options belong to the second type of bolted connection that 
uses two washers and also has a variable friction coefficient, 
and the sixth one belongs to the third type of connection that 
uses one washer.
 
Fig. 1. System of plates with a bolted connection
 
Fig. 2. The analyzed model with boundary conditions
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a                               b                               c 
 
Fig. 3. Bolt fixture: a – the contact of plates and a bolt;  
b – the contact of a plate and a bolt over two washers;  
c – the contact of a plate and a bolt over one washer
Table 1
Contact types and friction coefficients
№
Types of contact
Friction 
plate-plate
Friction 
plate-bolt
Frictionless 
hole-bolt
Friction 
plate- 
washer
Bonded  
bolt-washer
1 0.2 0.2 + – –
2 0.2 0.001 + – –
3 0.0001 0.0001 + – –
4 0.2 – + 0.2 +
5 0.2 – + 0.001 +
6 0.2 – + 0.2 +
4. The construction of a mathematical model of bolted 
connection
We calculated the dependencies of the considered types 
of bolted connection in compliance with the previous study 
[11]. Tightening the bolt fixture results in tensile stress of 
the force Fpr. in the bolt shank and torsional forces from 
screwing Тк (Fig. 1). The force of shear and the reaction in 
the support along the x-axis (Rx1, Rx2) in this system are 
considered as equal ones (Fig. 4). Therefore, increasing the 
force F leads to the increase of the reaction in the supports 
before it exceeds the static friction force in the bolted fix-
ture, and, consequently, the shear happens. 
The static friction force on each side is calculated by the 
following formula:
F*=Rx=Fpr..f0.i=400N,    (1)
where f0 is the coefficient of friction in the joint parts, i is the 
number of joints. 
Thus, the shear is possible when the force in the supports 
(Rx1, Rx2) exceeds 400 N. Hence, the reactions in the sup-
ports of the Rz1 and Rz2 directions are respectively equiva-
lent to the force F distributed on the plates.
The first approximation for the assessment of the SSS ap-
plies geometrically nonlinear correlations of the associated 
bending and rods strain. In the case of large bends, the plates 
are assumed to be loaded with transverse load. 
The equation that describes the bending of the rod is 
solved as follows:
IV IIEIw Pw q,+ =     (2)
where q is specific transverse load created by force F, 
x
s
P E ds= ε∫  is tensile force-compression in the cross section  
of the rod, w is the flexure of the rod, E is the flexural rigidity 
of the rod, and εx is deformation. Deformations in bending εx 
are calculated due to the following ratio [12, 13]: 
22
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u w 1 w
z ,
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∂ ∂ ∂ ε = − +   ∂ ∂ ∂
  (3)
where z is the thickness distance from the median line of 
the rod, u, w are components of the rod points displacement 
along the x-axis and z-axis respectively. Boundary condi-
tions are: u(0)=u(l)=0, w(0)=wI(0)=0, and w(l)=wI(l)=0. 
Furthermore, the following conditions can be observed: 
B R R B
Lf Lf R Ru u , u u ,− ≥ δ − ≥ δ  (4)
which means non-penetration of the left contacting edge 
(due to the displacement along the x-axis) to the left part of 
the bolt shank (the same is true for the right part).
This correlations define geometrically non-linear behav-
ior of the system in terms of spatial performance. Structural 
nonlinearity (contact) and additional connection with the 
preload (bolt) and friction are also included as the supple-
mentary items.
5. A discrete formulation of the problem
The numerical analysis of the studied problem is reduced to 
the finite element model shown in Fig. 5. The study applies the 
decomposition method to the finite mesh element “Sweep”. The 
number of elements in the model is about 44 thousand, whereas 
the number of connection joints is 215.5 thousand.
Fig. 5. The finite mesh element in the analyzed system of 
plates
The finite element of the SOLID classifica-
tion-SOLID 186 is applied for this decompo-
sition. It represents a three-dimensional (3D) 
quadratic task element with twenty connection 
joints. The SOLID 186 element has a quadrat-
ic representation of displacements and is able 
to use the irregular shape of the mesh (e. g. 
based on models imported from different CAD) 
 
Fig. 4. Computation scheme of the bending rod
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[14, 15]. When defining contact interactions, contact was set 
up symmetrically and its statement was determined by the 
augmented Lagrangian method. The solver settings used the 
command of large displacement since it allows considering 
large displacements that depend on the strains and stresses 
arising from the loading of the plates system.
The adequacy and accuracy of the constructed model 
were proved by the numerical and experimental solution of 
the problems [16, 17]. The permissible error is within the 
range of 3–8 %.
6. The results of the calculations
First of all there was considered a bolt fixture without a 
washer and with a coefficient of friction equal to 0.2. Shears 
of the plates, with the derivation of the maximum von Mises 
equivalent stress arising in the contact of the bolt and the 
plate are shown in Fig. 6, a–d, 7, a–d. The dependency of 
the maximum bending of the system from the load along the 
z-axis was compared on the graph in Fig. 8, a. Graphs of the 
distribution of von Mises equivalents are shown in Fig. 8, b.
The plates displacement and the clearance adjustment 
in the bolted fixture are nonlinearly dependent that was 
defined as the result analysis. Nonlinear dependence of the 
shear value from the actual load on the x-axis between the 
contacting surfaces is also presented. Maximum equivalent 
stresses in the system increase nonlinearly and depend on 
the load. For a more detailed analysis of the contacting plate 
surfaces shear, we considered the dependence of the plate 
displacements about each other along the x-axis (Fig. 8, c).
A stepwise shear of the plates relative to each other is 
shown on the graph. There is no shear in the initial loading. 
The stepwise shear of the plates relative to each other occurs 
when the load increases to 120 N. It is accompanied by par-
tial clearance adjustment. In case of further load increase 
(after the clearance adjustment), deformation of the contact-
ing plates and the bolt results in a slight shear.
Comparison of reactions in the fixing points of plates 
is shown in Fig. 8, e, f. Longitudinal components of the re-
action, in contrast to the cross ones, changed significantly 
nonlinearly. 
However, components of the 
reaction Rx1 increase approx-
imately linearly with the in-
creasing load associated with 
the contact. Therefore, causes 
of the nonlinear behavior for the 
reactions of the support com-
ponents should be thoroughly 
considered. There is a shear 
during the loading of the plates. 
This is due to the loading force 
that exceeds the friction force 
in the connection. The increase 
of the loading force against the 
friction force is due to the bolt 
deformation arising from skew-
ing. It thereby increases the 
force of the current bolt fixture 
tightening in comparison to its 
initial level.
 
a 
 
 
 
b 
 
 
 
 
c 
 
 
 
 
d
 
 
Fig. 6. Displacement along the z-axis (mm): a – at a force of 20 N;  
b – at a force of 70 N; c – at a force of 180 N; d – at a force of 450 N
 
a 
 
 
 
 
 
 
 
 
b 
 
 
 
 
 
 
 
 
c 
 
 
 
 
 
 
 
 
 
d 
Fig. 7. The maximum von Mises equivalent stress (MPa):  
a – the shear of plates is not observed; b – the shear of 
plates is not observed; c – the shear of plates and the 
clearance adjustment in the bolted connection are observed; 
d – the clearance adjustment and the contact interaction of a 
bolt and the inner surface of the hole are observed
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A reaction that occurs in the bolt should be analyzed in 
more detail (Fig. 8, d). The reaction begins to increase due to 
the bolt and plates deformation. There is a nonlinear increase 
that is accompanied by the increase in the tightening force 
of bolt fixtures. During the clearance adjustment the bolt 
surface begins to interact with the inner surface of the holes 
in the plates. Therefore, the bolt starts to work on the shear. 
Other configurations of the bolted connection are consid-
ered in order to eliminate this effect.
The displacement dependence of the plates system along 
the z-axis, the maximum equivalent stresses, longitudinal re-
actions in the supports, as well as reactions arising in the bolt 
at various bolted connection configurations are shown in 
Fig. 8, a–f. The findings indicate that behavior types of the 
plate system vary depending on various bolted connections. 
When the contact of plates and the bolt cap using two com-
pliant washers (variant 4) had a friction coefficient equal 
to 0.2, the studied bolted connection provided an oppor-
a                                                                                                         b 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c                                                                                                         d 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e                                                                                                         f 
 
Fig. 8. The results of research (variants 1–6, P): a – displacement along the z-axis; b – the maximum von Mises equivalent 
stress; c – displacement of contacting plates surfaces in relation to each; d – reactions in the bolt;  
e – longitudinal reactions in the support Rx1 under various configurations of the bolted connection;  
f – cross reaction at the support Rz1
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tunity to understand the cause of the increased reactions at 
the bolt. The higher is the rigidity of the connected parts the 
larger is the increase. However, there is no huge forces growth 
while introducing compliant elements into the system.
Geometrically nonlinear formulation for the system of 
plates and the conventional task solution, i. e. solid plate 
(variant P), were compared with an account for the large 
displacements. Displacement along the z-axis, the maximum 
von Mises equivalent stresses and reactions in the supports 
are shown in Fig. 8, a–f.
The study also contains a comparative analysis of a solid 
plate use and a plate with a bolt fixture (variant 1). The re-
sults of calculations show a large difference either between 
the displacement and the equivalent stress, or the reaction 
components at the supports. The behavior of a solid plate is 
displayed on charts more smoothly and linearly. However, 
the study proves that the system of plates is characterized 
by an essential nonlinear behavior. While the solid plate of 
displacement is loaded, the system of plates with a bolt fix-
ture has more than twice less bends because of the structural 
nonlinearity in a system of bolted fixtures. Moreover, there 
are considerable gaps in comparison with the displacement 
values of plate points due to elastic deformations. The study 
of the combination of the design scheme of a solid plate, bolt 
fixtures, clearances, preloads and friction ensures accuracy 
of the obtained results.
7. Conclusions
1. The geometrically nonlinear formulation determin-
ing the SSS for plates with a bolted connection and a 
clearance in the fixture gives a more accurate result than 
the traditional calculated scheme of a solid plate. Max-
imum deformation of a solid plate is 0.012 m, whereas 
plates with bolt fixtures and clearances show deformation 
of 0.028 m. The equivalent (von-Mises) stress for a solid 
plate is 450 MPa, whereas for plates with a bolt fixture 
and a clearance it comprises 1200 MPa. 
2. Additional factors affecting the SSS of the system 
include the bolt skewing and the plate deformation that lead 
to an increase of tensile forces in the bolt, thereby increasing 
the force of the bolt fixture tightening. 
3. Large longitudinal and transverse displacements re-
lated to the clearance adjustment in the bolt fixture are 
comparable with the corresponding displacements observed 
in the solid plate due to its elastic deformation.
4. There is nonlinear shear with friction between the 
contacting surfaces of the plates during the system loading. 
The proposed methodology can be used for solving 
similar tasks as it considers a wide range of operating loads. 
In case when the researched object is a solid plate, geomet-
rically linear and non-linear formulations do not guarantee 
reliable results.
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